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STABILITY OF A FAST MAGNETOHYDRODYNAMIC SHOCK WAVE
IN PLASMA WITH ANISOTROPIC PRESSURE

A. M. Blokhin and Yu. L. Trakhinin UDC 537.84

Various models of magnetic hydrodynamics (including the so-called Chew-Goldberger-Low model
(1, 2]) are widely used for describing real processes in some fields of physics and engineering such as
astrophysics, high-velocity aerodynamics, etc. In these processes, as is known, the medium often moves
with strong discontinuities, for instance, shock waves. Therefore, the problem on the stability of strong
discontinuities (including shock waves) generates interest in magnetic hydrodynamics with anisotropic
pressure.

The stability of strong discontinuity has not yet been studied comprehensively, even in the usual
magnetic hydrodynamics, in contrast to, say, gas dynamics [3, 4]. Indeed, after the publication of classical
works [5, 6], only a few subsequent papers can be noted (see, e.g., [7, 8]) in which the stability of strong
discontinuity is discussed to some extent.

To study the problem on stability of fast shock waves in magnetic hydrodynamics with anisotropic
pressure, we have used an equational approach which implies the study of the well-posedness of the linear
mixed problem on stability of fast shock waves. The main point of the study is the construction of an a
priori estimate indicating the correctness of this problem. The most complete description of the approach in
application to the problems of the usual magnetic hydrodynamics is presented in [9]. Two particular cases of
the above linear mixed problem on stability of a fast shock wave in magnetic hydrodynamics with anisotropic
pressure were considered in [10], and the well-posedness of the problem was proved by constructing an a priori
estimate using the technique of energy dissipation integrals.

Dealing with the general statement of the linear mixed problem on the stability of a fast
magnetohydrodynamic shock wave in plasma with anisotropic pressure, the present paper proves the well-
posedness of the mixed problem, thus corroborating the stability of this type of strong discontinuities under
some assumptions on the parameters characterizing the initial stationary discontinuity.

1. Equations of Anisotropic Magnetic Hydrodynamics and Strong Discontinuity Relations.
In the Chew—-Goldberger-Low approximation, the motion of collisionless plasma in the high magnetic field is
described by the following system of equations (see [1, 2, 11]): \

3

pr+div(pv) =0, (pvi)e+ E(Hik)zk =0, 1=1,2,3,
k=1 __ (L.1)

H; —rot (vxH) =10, (pS);+div(pvS") =0, (pS*):+div(pvS*)=0.

Here, p is the plasma density, v = (v1, v, v3)* is the plasma velocity, ¢ is time, and x = (z1, 2, z3) is the vector
in Cartesian coordinates, II;z = pvjvg + Phiby + PL6i; Mix = pvivk +Pbiby + PL6;; are the components of the
momentum flux tensor; P = pll — pt —w?/(4r), PL = p* +w?/(8x), where pll and p* are the longitudinal and
transverse pressures respectively; w = |H|; b = (b1, b2, 83)* = H/w, where H = (H;, Ha, H3)* is the magnetic
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field intensity vector, Sl and S+ are the longitudinal and transverse entropies respectively. Moreover, the
following thermodynamic identity [11] holds:

i Il pt
dE = Thas! 4+ T+ds* + Zdp - 2= gy, (1.2)
p pw
where E is the internal energy, T!l and T+ are the longitudinal and transverse temperatures. It follows from
(1.2) that

pl-p _
pw

T” = ES"’ TJ- = sl p" = szp)

Thus, adding the plasma state equation to system (1.1)

E = E(p, 8", 5%, w),

we will close it. System (1.1) may be considered as an appropriate system for determining the components of
the vector

P
v

U=| H
sl
St
The following condition, which is obligatory in magnetic hydrodynamics, should be included in (1.1):

divH = 0. (1.3)

In essence, this is an additional requirement imposed on the initial data for system (1.1): Uli=g = Ug(x).
This statement becomes obvios if we operate by div on H; — rot (vxH) = 0, assuming that condition (1.3)
holds at ¢t = 0.

Finally, we also add to (1.1) the energy conservation law

(&) +divE =0, (1.4)
where
W w? . w? 1 1 I n
bo=pEtpgton w=vl €=(6,6,8) =pv(E+ 5 )+ Hx(vxH) +p7v + (p = p7)b(b,v).

Note that this is the law (1.4) that was used in [12] in the symmetrization of Egs. (1.1). The system
can be rewritten, according to {12}, in the symmetric form

3
AU)U + 3 A(U)U,, =0 (1.5)
k=1

where Aq (@ = 0,3) are the symmetric matrices described in [12].
Further, let the plasma state equation be given by [11]

P ,
E="—+— 1.6
P (1.6)

o2 L ji
si=2i(E5), st=em(L), Ti=E, ri-L, (17)
2 p® pw
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where ¢ is constant. Note also that last two equations in (1.1) are rewritten in this case as

1.2 u s
dt\ p3 dt \ pw
d 9 a9 4 9\
o o ,V;V=(——,—,——).
Here G =5+ (V) 921" 022’ D23
As is known, surfaces of strong discontinuities (shock waves, rotational discontinuity, and so on) may

appear in collisionless magnetized plasma. Let us consider the piecewise smooth solutions to system (1.1) in
which the smooth pieces are separated by the strong discontinuity surface given by the equation

f~(t,x) = f(t,x") —z; =0, x' = (z2,73).
On the strong discontinuity surface, the following relations are valid [2}:
. . ~ . H-, .
=0, [Hx]=0, [ow+P=0, jlosl=—Hn[3P| (=12,
w (1.8)
. . . P .
HN[vT{] = ][VH,—,] (7' = 1, 2)) [Vg()] + P'L'UN + Ez'HN(I_LV)] = 0, ][Sl] = 0’

where the usual notation is used: [F] = F — F,, [F is a value ahead ofthe shock (as f— — 0) and F, is a

value behind the shock (as fo+ 0)]. Here, j = p(vy — Dy) is the mass flux across the shock, vy = (v,N);
1

N=—=
VAl

(=1, fz,, fz3)* is a normal to the strong discontinuity surface,
VA= \it R Du=
- RN 27

Hy = (H,N); Uy = (V,T1) and so on;
= (f, 1,05 T2 =(fap,0,0) (m,N) =0 (i=1,2);

~ I pt
P:PJ'-i—p w2p H12v,

V = 1/p is the specific weight. Note that we use the standard closure of the strong discontinuity relations for
anisotropic plasma, namely, the last (closing) relation in (1.8) is the condition of the first adiabatic invariant
conservation [13-15].

A detailed classification of strong discontinuities in anisotropic magnetic hydrodynamics is given in {2].
In the context of the present work, of interest are the shock waves for which the following conditions hold:

i#0, 0. (1.9
In this case, the relation [uy]? + [V][P] = 0 can be used instead of the third condition in (1.8), and the
equality (the analog of the Hugoniot adiabat in gas dynamics)

H,|? pll — p* 1
21+ o V] - (Bl 249} 7] + (o ) I + o VG =0
[(F) = (F + Fw)/2, and H, is the component of the vector H tangent to the shock surface] can be used
instead of the next to last condition in (1.8).

2. Linearization. Linearizing system (1.5) with respect to a constant solution to system (1.1)

U =T = (5 ¢,H, 5,54,

we obtain the linear system

~

3
Ag(6U)e + Y Ap(8U), =0. (2.1)
k=1
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Here Ay = Aq(U) (@ = 0,3); 6U = (6p,6v*,6H*, 65N §54)* is the vector of small disturbances. In the
subsequent discussion we denote the vector §U by U again.
For the entropy disturbances, the equalities are derived from (1.7):

1 1 pll 35 1 5t
S = e { I P_HH__P } slzw__{ HH——}
T3 T ) 3 5P 715 1P —5(H,H) 5P

Taking them in to account, it is possible to write system (2.1) in the dimensionless form

h
Lp+divv =0, Lv4+VP+— (hV)H+ —(h, V(! - p* +2(7 - 1)H,)) =0, 22)
2.2

LH —rot (vxh) =0, Lpl+divv + 2 —(h, V) =0, Lp* + 2divv - ——(h V) =0,
where the coordinate z; (k = 1,2,3), time ¢, the components of the vectors v and H, the values of pll, p*

and p are normalized to the characteristic parameters: 7, T/E, ¢, &/4arp, pll, 5+, 5 Tis the characteristic
length; ¢ = (5*/5)"/? is the sound velocity in plasma;

) . )
L=T+(M,V), Tz'a_z; V=(€1,€2,€3) H é.k:'é_a (k=1v253):
v
M= z= (M1, M2, M3)*; Pt=p + Hy; Hy=(hH); v,=(hv);
_ /2 i 5l
T= (m—f)— = |h}; h=(h1,h2,h3)" = s P2 =14 g% P“p—-
¢ Cy/dmp pt

In the statement of mixed problems for the systems (2.1) and (2.2), it is necessary to know the number
of the boundary c~onditions at 1 = 0 which should coincide with number there of the positive characteristic
values of matrix Ay’ A; [16]. After calculations, we find the matrix characteristic values (see also [2]):

A23(A5 ALY =01, Ms(A AL) = Dk, er(AglAl) =ik, Ase(Apld) = +ély. (23)
Here ¢4 = ¢hiF is the Alfven velocity (for the sake of definiteness, we assume that h; > 0),

= s 1\]2 -2 = 2 1/2) /2
iﬁ:a{””@pz”l e [(BTHDEL 2 - p) }

o)

are high and slow magnetic sound velocities in plasma [17]; I = h;/q. For the matrix A to be positive definite,
as shown in {12, 18], the inequalities
P1<p<p2 (2.4)

(where p1 = 1/p2) should be valid. In this case, system (2.1) is symmetric and t-hyperbolic (according to
Friedrichs). Moreover, the values of ¢4 and &Z satisfy the inequalities [12, 18]

0<cM<cA<cM, if P <pP<ps<po,
0<éy=2Ca<ey, i P=ps, P1 <P <po (2.5)
0<Ca<éy<éy, f p1<pe<B<po
(- B q4+3q2+3)
T4+ ¢
Finally, we linearize system (1.1) with respect to the discontinuous solution. Let us consider the

piecewise constant solution

U H*,Sl 54y, =z <0
U t (pOO, oo1 oo’ASoo) oo/ ) 1 )
( X) { U = (A,A*,H*,S“,Sl)*, ;>0 (26)
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to system (1.1), satisfying relations (1.8) at z; = 0 provided that the shock [rou. is stationary and defined by

R R - o~ N 1 [
PV = PooVloo = J, Hi = Hioo, 12[V]+[pl+§;(1’q\§+f{?)] [P wP }Hl =0,

ibl=-[P=2]m (=23, MEI=TVE (=23 (2.7

2 2 4r w?
Here V = 1/p; P = pl—pt—@?/(4n); E = p+ +p1V /2. Linearizing Egs. (1.1) and relations (1.8) with respect
to piecewise constant solution (2.6) and taking account of (2.7), we obtain the mathematical formulation of
the strong discontinuities stability problem in magnetic hydrodynamics with anisotropic pressure.
Main Problem. In the domain ¢ > 0, x€R3, a solution is sought to the system

720 #2492 HX4+HZ. pl-p P — — ~
E+p‘LV+ +v2+v3+ 2t sp 2P EZV] [;UZ-(H21'32+H353)]H1=0> 5t =

3
AUs+ Y AU, =0, (2.8)
k=1

while in the domain ¢ > 0, x€R?, a solution is sought to the system

3
AOooUt + Z "415001(-]’2:‘;c = 0) (29)
k=1

Bip+J)=0, (=0, 2[61J]+[Bip+T"+1L]=0,

pmN . . PE. W
[(pv1+ )F + 0 (trp+J)+Jve + zﬁle kHz]—O,

(VH.J + 61 H, — 0k — Hivg) =0, k=23, (2.10)
D2 02 . sl 52
(E + LtV w—V)J +PLF + 61{2Hi + 2 42,4 ﬁ(fr,v)}
2 47 2 2
’PH1 (H v)

=3 M@ ) + (3, H)) +

M| =0, ((Gup+ )3+ +5%] =0
and at ¢ = 0 they must satisfy the initial data

Uli=o = Ug(x), x€R%,  Flimo= Fo(x), x'€R’. (2.11)
Here F = F(t,x') = §f(t,x') is small displacement of the shock front, Agco = Aa(Uy) (a= 0,3);

J = 5(B1 - 82Fyy — 03F5y — Fi); 1= Hi — HoFsy — H3Fiy;

HH H . Hi(HH
w=p+ G m = B+ (1- ZED)
T w
— o = =~ pl—pt o >
Hz=H1(p"—p"')-}-'PI—Q(H,H)Hl—w,T'; Pt =p* +§"

Note that, solving mixed problem (2.8)-(2.11), we also find the function F = F(t,x’). To do this, one of
the conditions (2.10) should be considered as an equation for determining the function F'. Furthermore, if all
characteristic values of the matrix Ajqo (or A5l A1) are nonnegative, we assume, without losing generality,
that U(t,x) =0 at z1 < 0.

3. Statement of the Problem on Fast Shock Wave Stability. In anisotropic magnetic
hydrodynamics similar to the usual magnetic one, fast and slow shock waves exist. We consider the case
of fast shock waves.
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Let the stationary discontinuity be a shock wave (7 # 0, [3] # 0). Without loss of generality, we assume
that 91, H; > 0. The conditions

V1o > Eﬁoo, 'cﬁ > 91 > max {Ca,Cy } (3.1)
or
D100 > Crioo) e > max {C4,¢y} > U1 > min {€4,¢y} (3.1)

correspond to a fast shock wave. By virtue of the first condition from (1.1), taking into account (2.3) and
(2.5), it follows that all characteristic values of the matrix AoooAloo are positive and, consequently, system
(2.9) does not requlre a boundary condition at z; = 0, i.e., U = 0 at 21 < 0. By the second condition in
(3.1), the matrix A;A; has eight positive characteristic va,lues i.e., eight boundary conditions should be set
for system (2.8). As a result, nine boundary conditions are requxred for fast shock wave evolution [18]. One
of them is the equation for seeking F. Using the same line of reasoning, in the case where conditions (3.1)
are valid, we conclude that eight boundary conditions are necessary for wave evolution at z1 = 0, with no
boundary condition being required again for system (2.9). In this case, the last (closing) relation in (1.8) is
redundant.

Let conditions (3.1) hold on stationary discontinuity. State mathematically the problem on fast shock
wave stability in the plane case.

Problem F. In the domain ¢t > 0, x€R%, the solution is sought to the system of equations [see also

(2.2)]

} p—1
Lp+divv=0, Lv+b(b,V(ppl - p))+ p—q‘ (b,V)(eH, —bH}) + Vp* — q(¢&1Hz — £2Hy)o =

3.2
LHy +qbvs =0, LH —qbive =0, Lpl+divv+2(b,Vvy) =0, Lp*+2divv — (b, Vu,) =0. (3-2)
Att> 0, 1 =0, z2€R!, the solution should satisfy the boundary conditions
1
Fi + Mze2 = i——-_ﬁ{vl + Mjp — ﬁ[Mz]sz}, Hy = [hz]Fz2,
l
Pt + qH, + B(pp! — pt) — 2(5 — 1)%"}1, — 2q[hg] Fr, + 2Myv; + M2p = 0,
1 _ 2, 1 -1 4 2 9, Mg [2]-
{P —-1-(p-1)m +§[h]+l7:—2—5pxm +1—:“5P}Fzz 1= A(v1 + Mip) Myvy
- {Hy +mH _ -1
+(p— )2————1~ + lm{pp” —pt — 2P Hb} =0, MiH; = [h](F; + M2Fy,) + qus,
(3.3)
. 2 _
— 213.L+ PP +([2 +m2x2)q2 _ (2+P+ + ”Ml ])P [M ] ﬁ (1 P [h2]) M; — pMaoo
2 2 2 1- 2 1-5
Moo + mez _ _ R,
o 2 =X ((poo -1t~ (1 + xzmz)qz) -(p- pz)(b,M)m}Fz2
oo k2 M|?
1+—L+P I +(12+x2m2)q2+d—(2+ +q +U ”)p vl‘f‘l\’{ll’
2 2 2 2 1-5
p l H
v {2pt +2qu+p—- +0,9) = (245 +0%)of + (- ) { I+ (ML H) (6, M) =}
"2
b, M){pp) - pt —~ Hip -1} =0, S =0
and the initial data at £ =0
V0o = Vo(x), x€RY,  Fli=o = Fo(z2), z2€R. (3.4)



Here

* * * * h E 3 *
U = (p,v*, B, 9, p1)* b=(,m) m=-;13; o= (-m,l)* V=(&4,&)"; L=r1+Mé + Mby;

17200 HZoo — Aoo h200 .. ﬁl = pl
M =—-A'h = M = — P J.=__o_o_, :ﬁ' M:MM*
200 z ' 200 5 47ri)\, P ﬁ v X By H ﬁl, Peo ﬁo't, ( 1, 2) )
"7100 _ _ 'Eloo
Miw = — =0Mi; o = 5 Hy=(b,H); H,=(o,H); v =(b,v); vs=(0o,V);

St is a small disturbance of the transverse entropy divided by p+/ (T‘Lﬁ) Boundary conditions (3.3) are taken
from general conditions (2.10) and written in dimensionless form. Moreover, if we take the Galilei transforms

t=1t, z'1=3:1, xé:xz—Mgt,
then the operator L in system (3.2) and the aggregate (F; + M2F%,) in boundary conditions (3.3) become
L=74+Mé& and F

(all primes are dropped).
For the transverse entropy disturbance, the equation in dimensionless form holds

St =p* -p-Hy/q.
On the other hand, the function S*(t,x) is the solution to the mixed problem

LSt =0, t>0, x € R%,
St=o, zy =0, z2 € R, (3.5)
S*li=0 = Sy (x), x € R2.

Assume, without loss of generality, that Si(x) = 0, xeRi. Then, we can assume, taking into account (3.5),
that S+ =0, t >0, x€R%. In this case

p=p"—H/q. (3.6)

Thus, taking account of (3.6), it is possible to simplify the statement of the problem F in the following way:
the first equation in system (3.2) and the last equation in boundary conditions (3.3) are eliminated, and
equality (3.6) replaces p.

It is shown in [18] that

divH=0, t>0, x€R:. (3.7)

If conditions (3.1') hold, the last equality in boundary conditions (3.3) should be eliminated in the
problem F, with equality (3.6) not being true. R

4. Study of Stationary Discontinuity. We consider relations (3.7) for a fast shock wave (j # 0,
[3] # 0) in plane case. We write them as

o _ 2p-1 o ¢mP(1-xP) 2(__ _ﬁ“'(ﬁm—l))_
pir=1, h1=bhie, Mj F t1-p +—5——+(P~1 Ty amt =0,
pt x(Poo — 1) X
Ms] — lm(1 — x) +1 (--1—”"—”——)=0, IMy] = M (1—-_->,
Ml[ 2] q m( X)+ m\p 12+X2m2 [ 2] 1m 5 (41)
=l 5 2 2 2 =1 /=
_r l(-_pﬁ-l) Ml( _L) M3] | 2 2(1__2{_) 12(-__1_ P (Poo — 1) )}
M1{2(1 ﬁ)+2p pp + 5 1 7 + ) +q¢°m F + i p —ﬁ(12+x2m2)
Poo — 1)5*+ XxMao ~ _
+lm{M2(13-— 1) - 2 12 +)£2nx,‘2 = —qz(M2 - XM200)} =0, = Y 2 + x*m?,

where h100 = Floo/(a\/ 47p); M2oo = 200 /C.

502



The evolution of a fast shock wave in two particular cases [parallel wave (I =1, m = 0) and transverse
wave (I =0, m = 1)] is shown in [10]. Here we consider the general case (0 < ! < 1), suggesting the pressure
in the plasma to be high [pll > @%/(47), §L > @%/(4r)], i.e, ¢ € 1 [¢° = ©*/(47p"), see also (2.4)).

As in the usual magnetic hydrodynamics, e.g., [19, 20], without loss of generality, the following
conditions are assumed to be valid:

S>30 US>l >0, pro>pl>0, 5> >0, Biw>01>0, Ho> Haco.

They can be rewritten as

S>3l Bept<p, 0<pt<l, 0<p<l, %>1, O0O<y<l. (4.2)
We expand all values involved in (4.1) into a series in the small parameter ¢
p=Ro+Riq+Reg*+..., i* =P+ Pig+Pog®+..., %=2Z0+21q+ Z2¢*+ ...,
P=w+y9+y+..., Po=wot+wigtweg®+..., [Ma]=mg+mig+mag®+... (4:3)
and so on. Let us consider the parameter
M, = %y /ck,
which, in view of the second condition in (3.1), satisfies the inequalities
0<Mp<l.
Substituting expansions (4.3) into (4.1) and taking (2.4) into account, we obtain
Roy=Po=Zp=yw=wo=1, meg=my, Ri=P=2Z,=y1 =w =0.
Then, omitting detailed calculations, the first inequality in (3.1) can be rewritten as
M2 > po.
Here pg = 1 + O(¢?); po < 1. Consequently,
MZ =1+ 0(¢%). (4.4)
In view of the equation for the high magnetic sound velocity, we obtain
Mi =Mk,  k=w+0(s),
wherew =1 + 1—22- +4/1 -4+ 241 I*. Then, taking into account (4.4), we have
M? = w + 0(¢?). (4.5)
We find, using (4.5), from (4.1) that
Ry = (I—TL;)R Z£=%, mi=?w———_jgﬂf’i yi"'wi=—2—l;—wpi (1=2,3), (4.6)

with Py < 0 in view of (4.2). If P, = 0, then (4.6) are valid at i = 3,4 (P; < 0) and so on. Therefore, without
loss of generality, we assume that P» < 0. Note that the inequality #; > 1 holds by virtue of the first relation
in (4.1). It is easy to check that the first and second inequalities in (4.2) are also valid.

It remains to verify the validity of the inequalities

Ploo < Poo < P2co- (4.7)
Here f2oo = 1 + 254 /5% Proo = 1/P2o. It is easy to check that (4.7) holds if
lwal < 1, Jy2| < 1. ‘ (4.8)

This means that the parameters y;, ws, and P2 should be chosen so that (4.8) is true.
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Finally, note that at ¢ < 1 the case (3.1') is not true for a fast shock wave, i.e., the shock wave is not
evolutionary.

5. A Priori Estimate of the Solution to Problem F. Let us prove the well-posedness of problem
F at ¢ < 1and 0 <! < 1. In other words, prove the stability of a fast magnetohydrodynamic shock wave in
anisotropic plasma at high pressure, taking into account the result obtained in {10} at / = 0, 1.

It is now convenient to rewrite boundary conditions (3.3) in view of (4.6) as
vi+dpt = Ni&F, 7F =pp* + NoboF, vy = o&oF + 1p*, (5.1)
pl = vpt + Ma&oF, Hy = mg(l — x)7F + qu,, Hy = mq(1l — x)&F,

where

_ 1 32 —w
T Py 2012m? — w(512 + 3)
1 (w—2m?)(w+ (w—m?2)(T? +1))

— 2 .
Ao =—F (; + P(w —m?)2w )q +0(@);

2
d=1- % +0(¢%); +0(¢*);

—m? -
1=-TETT 40 (=0 et 1=1/VE)

w — 2m? .
v = 7 + O(qz); Ni= O(qz) (:=1,2,3)
(here, we omit too cumbersome calculations). In system (5.1), we use normalization of the parameters other
than normalization used in the statement of problem F. The difference is that in the set of characteristic
parameters, [/7; is taken instead of I/¢ and ¥; instead of ¢.

The third and fourth equations in system (3.2) can be rewritten as
LHb + qLO'vd = 0, LHO’ - quvd = 01 (52)
where Ly = (b,V); Ly = (o, V). Then, with (3.7) taken into account, it follows from (5.2) that there exists

the function ® = ®(¢,x) so that Hy = —qL,®, H, = qL;®, LD = v,.
We take into consideration the function ¥ = ¥(¢,x) also:

_ 1
~ppl + (1 = P)Lo® + 5p*
= : I .
3[) - '2'

As follows from the last two equations in (3.2), the function ¥ satisfies the equation LY = Ljvy. Thus,
problem F can be restated.

Problem F'. In the domain ¢ > 0, xERﬁ_, we seek a solution to the system of equations

1 1
Lp* + Ly +2Lpve =0,  M3Lvp+ sLip* = (3;3 - 5)1;,,\1: =0,

M2Lv +L L (= AT28 2728 — . _ (53)
1Lve ob" — (P2 —P)Li® —¢°L.;® =0, L®=u,, LY = Lyvy,

which at t > 0, z; =0, z3 € R! satisfies the boundary conditions

v +dpt = Ni&F, TF = pp"+Nao&oF, vy = doboF+npt, U =ap' +NyboF, @ =-m(1-x)F, (54)
and at t = 0 satisfies the initial data. Here

2(w —m? —1)
512

&= —

1 2
—2H0@);  Ne=0().
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System (5.3) can be rewritten in the symmetric ¢-hyperbolic (according to Friedrichs) form

AVi+ BV, +CV., +QV =0. (5.5)

Here V = (p*,v3,v5,Q, R, ¥,9)*; Q = L;®; R=L,0; A=diag(1/2, M3, M2, 52 — 5, ¢%,35 — 1/2, 1) is
the diagonal matrix;

0 3 -m 0 0 0 0 )
11 0 0 0 0 (3-3)1 0
—-m 0 0 (B2 — )l mg? 0 0
B = A+ By, By = 0 0 (P2 — ) 0 0 0 0 1{;
0 0 mq? 0 0 0 0
o (3-3)1 o 0 0 0 0
\ 0 0 0 0 0 0 0
[ o im ! 0 0 0 0
Im 0 0 0 0 (3-3)m o0
l 0 0 (2 —p)m —lg* 0 0
c=| o 0 (2 — p)m 0 0 0 0 [;
0 0 —1g? 0 0 0 0
0 (3-35)m 0 0 0 0 0
0 0 0 0 0 0 0

Q = (wij) (1,7 =1,7) is a matrix in which the element w73 = —1 and the other elements wi; = 0. Note that,
as follows from (2.4),

p2—p>0, 3p-1/2>0,

ie, A>0.
Now extend system (5.5) in the following way:

Ap(Vp)t + Bp(Vp)zy + Cp(Vp)z, + 4V, =0, (5.6)
where
Vo = (V5 7VL 6V, 6V 2V, 6 VA 16V, GV, 66V, V),
A, =diag(A, A, A A A AA A A A)

is a square-diagonal matrix and so on.

Writing the energy integral for system (5.6) in the differential form [3] and integrating it over the
domain Rf_, we obtain

d
;EJO(t) - [(prp’vp)
R

n

_dm+ / / (Qp + )V, Vp) dx =0, (5.7)
- E
Here

B(t)= [[(AVp, Vi) dx, (43Vp V) = (AVV) 4 .. + (AViyap,Viye,)):
R?
+

1= 1 ,\2
(pp“+ £ Hb—“P'L)

1 o
(AV, V) = 367 + Mo + Miv] + 2 B2 + B 4 07+
and so on. We assume that (Vp, V,)/2 = |[V,| - 0 as z; — oo or [z3] — 0.
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The second and third terms in equality (5.7) are estimated at z; = 0 in view of (5.3) and (5.1). As a
result, we write

d

G900 = [{C1@ + ]+ @ + (05)" + 05, +P)| _ +CulF? + FE + FL) [de < Coolt),  (59)
R! :

1=
- 2 2

where C and Cy > 0 are positive constants, P = (pg)” + (piz,)” + (p;’;,z)2 + (pj'lzl)2 + (‘z);c'-lm,l)2 + (p%2z2)2;

Cy = 0(¢%); F = Fpyz,. Considering again system (5.3) at z1 = 0, after some cumbersome rearrangements,

with the help of boundary conditions (5.4), we obtain the equality

(ai =0(1), i =T,3).

Using this equation and invoking the property of the trace of a function from W21(R3_) along the line z; = 0[21],
we bring the inequality (5.8) to the following form:

F = (a1py + azp;, + a3p,)
, n=

d . _
~d(t)- T / Play=0 dz2 < CaJo(2) (5.9)
Rl

(51,@ > 0 are constant).
Now we come to the second stage of constructing the extended system. After simple calculations, we
find from system (5.3) that the functions pll, ®, and ¥ satisfy the following equations:

M2L%pt — elpt —4dpt + S =0; (5.10)

1
M2L2% + z {Lop* — (72 - P)L}® - *L3®} = 0. (5.11)

Here M2 = M%/k =1 — 6¢% + O(¢%); E=kp=w+ O~(q2); p1 =14 0(¢%); § > 0 is an arbitrary constant
which is determined finally by choosing the parameter k,

1 1 ~ 32 _
S = z{(&‘» ~ 5) L}y + (k -2+ -2—)531»‘ + 3lmé&1&ap* + 2Lo((p2 — P)LE® + q2L§<I>)};

1432 1438

2
We rewrite, following [3, 21] (see also [9]), Eq. (5.10):
(L3 - L3 - L)t +p%S =0. (5.12)

Here f,l =MLy; L1 =75 Ly = ,32& — M2L1; i3 = fBL3; L3 = \/;)752; B=y1- M2 = \/Sq-{- O(q2), If the
function p*(¢,x) satisfies (5.12), then the vector

W= (Y:,Y3Y3) (Yi=LY, Yo=LY, Ys=IY, Y=Vp', V=(l1,Ls1Ls)"

satisfies the following system [3]:

K
{AL, — BL, - CL3}W + 8? ( L ) VS =0; (5.13)
M
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where
R K L M ~ L K iN R M —iN K
A=} L K N}, B=| K L M, C=|iN -M |,
M =N K —N M L K L M

here K, £, M, and NV are arbitrary Hermitian matrices of order three. Returning to the differential operators
T, &1, & in (5.13), we obtain the system

K
{Dr — B%B¢; - ﬂﬁ@&}w + ( Jﬁt ) VS=0 (D = M(A + MB)). (5.14)

The following relations (3] are valid:

A=T{I x H}T,, B:Tg{(_ol ‘61>xif}:ro, é:Tg{(_ﬂl ?)xif}ﬂ,. (5.15)

Here
1 0 -1
1 0 -1 0 . T K-M —L-iN}).
o= o -1 o |*B H‘(—L+i/\f K+ M )
1 0 1

I, x H is the Kronecker product of the matrices I and H and so on; I3 is unit matrix of order 2 and so on.
By (5.15)

D= MTJ{( —11\/[0 “11\40 > xﬁ} To. (5.16)

Let us obtain the boundary conditions for system (5.13). For this purpose, multiply scalarly system
(5.3) by the vector (M?r, —Ir/k,2m7/k,0,0)*. Considering the obtained expression at z; = 0 and using
boundary conditions (5.4), we obtain the relation

{M2(1 +dp2)7? — Bparér + Mz/\(\/?iz)z+N57'§z}p‘L =0, =0, (5.17)

where A = %/\op +0(¢%); pi =1+ 0(¢?) (i =2,3); N5 = O(q?). Consider also Eq. (5.10) at z; = 0. Using
(5.4), we put it in the following form:
(p4z% - png - ps.zg)p"‘ + (stle + N7ZlL3 + Nstzs)p‘L =0, 1 =0. (5.18)

Here p; = 1 + O(¢q%) (¢ =4,6); N; = O(¢?) (i = 6,8). Taking into account (5.17) and (5.18), we take the
expressions [3, 9] below as the boundary conditions for system (5.13) at z; = 0

paLy(L1p*) — psLa(Lap®) — peLs(Lap*) + a{prLi(Lap*) — psLa(L1p™)}+ NeLy(Lsp™) + NsLa(Lspt) =0,
Ls(Lzp*) — La(Lap™) = 0,
o M_~ - o o~ - S
poL1(L2p*) — proMdLy(Lop*) — 3 mL3(Lsp*) + NoL1(Lap*) + NioLa(Lsp*) + NuuLi(L1p*) =0,

and write them as

A1Y1 + B Y2 +C1Y3 =0, (5.19)
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where

ps apr Np —aps  —ps Ng 8 (1) —pe

A=l 0 0 0], B=| o 0 -1|, o= 0
N ps Ny 0 —pioMd Ny 00

here > 1 is constant, ™ = p11fBd + M?)\/B; pi = 1+ O(g?) (F=T1); N = O(¢?) (i = 9,11). It is easy to

verify that A <0 (p <0, Ag > 0). Choose a value of § (i.e., k) such that the coefficient

m? A2

7n—=,3(1—-:+—-3—+0(q2)>

becomes positive. Here A = X@)¢? + 0(¢®); A® <0; 1 — m?/w > 0.
Let

where

A (k =1,4) are three-dimensional vectors. Since

Y:= —\?—(Al +A4), Yo=-—V2A=—-V2A;, Y;3= \—g—i(Az; —Ay),
conditions (5.19) can be given as
Ar = GAx (5.20)
(6=(573") @r=201-C)7By, Ga= (4 - C1) s +Cn)).

Let all characteristic numbers of the matrix G lie strictly in the left half-plane, i.e., Re \;(G) < 0,
7 =1,6. The latter is valid if @ > 0, A < 0 [3]! We set up the Lyapunov equation

G*H+ HG = -G, (5.21)
to find the matrix H from (5.15). As is known (see, e.g., [22]), Eq. (5.21) has the unique solution
r ﬁ] Eg [t =" —_— —
H=| = = = Hy; = H:
( Hg H3 ) > 0, H1 Hl 3 3 H3

at any real symmetric positive-definite matrix Go. The matrix H is also real and symmetric, and matrices K,
L, M, and N are found in the following way:

l,— = 1~ = 1= = .
K= §(H1 + Hs), M= §(H3 - H), L= —-2—(H2 + Hj), N =
Since H > 0, we have D > 0 [see (5.16)].
Write for system (5.14) the energy integral in the differential form (3]

(DW,W)t—ﬂ%EW,W)xl_ﬁﬁ(éw,W)z2+ﬂ2{2(Y1,zc‘v'5)+2(Y2,z’v“5)+2(Y3,M’v'5)}=0. (5.22)

Taking account of system (5.3) and equality (5.12), we can write the term in braces in (5.22) as

{} =7+ & + 60, (5.23)

Since the equations for Q4 (a = 0,2) are cumbersome, they are omitted here.
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Assuming |W| — 0 as 23 — oo or |r2] — oo and so on, we integrate identity (5.22), taking into
account (5.3), over the domain R2 to obtain

d .
i Ji(t) + B2 [{(BW,W) -} im0 dzy = 0. (5.24)
R

Here

J(t) = // {(DW, W) + A*Qq} dx.
R2

Note that the quadratic form

(BW, W) = (GoA, An)

1 =0

21=0

is positive definite, as follows from (5.15) and (5.20). Moreover, since

a=2 (Y2
I=95\Y14Y; )’

then

(BW, W)

> C{ (E3*)? + (LaLap*)? + (EaLap*)?

$1=0

(L34 + (LaLop*)? + (Elp*)?)

. > 5’3ﬁ8P

’ (5.25)

= 21=0

where C3 and C3 > 0 are positive constants independent of ¢ and determined finally by the norm of the
matrix Gy. Note also that it is possible to obtain the inequality

—~B*Qzy=0 > Ni2 Pz =0 (N12 = O(¢?)) (5.26)

by using system (5.3) and boundary conditions (5.4) at z; = 0.
Because ¢ is infinitesimal, the quadratic form

(ApVp, Vp) + (DW, W) + B2

is positive definite (A4, > 0, D > 0, 8% = O(q?)). Therefore, adding (5.24) and (5.25) and taking into account
(5.26) and the choice of the matrix Gy [see (5.25)], we can obtain the positive-definite form

A= {fY(BW, W)~ -C,P}| >(B°C:—-Ci+N2)P| >o0.

21=0 Il=0
For example, we can choose Gy so that C3 = O(¢™). As a result, the following inequality is obtained:
d
SIN<GIW, >0,

where J(t) = Jo(t) + J1(t); Cs > 0 is a constant independent of g. From this inequality, the a priori estimate
for problem F' follows:

J) <e%tJ0), t>0. (5.27)

This proves that the mixed problem F' is well-posed.
Let initial data (3.4) be such that

Hk|t=0 = q(pk(x), X E Ri, k=1,2.
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Then, the function ®¢(x) (= ®|t=0) is found as a solution to the Dirichlet probiem for the Poisson equation

A®y =t1p2 —bap1, xERL, & = —m(l - x)Fo(z2), z2€R.

z1=0
Assume also that the functions i (x), £ = 1,2, x € Rf_, are finite, with compact cairiers lying in the bounded
domain { C R? with the smooth boundary Q. Then we define the function ®¢(x) as follows. In the domain
RI\Q ®¢(x) = —m(1 — x)Fo(z2) and in the domain Q, it is found as a solution to the Dirichlet problem
A%y =bips —&ap1, x€Q,  Doloa = —m(1 — x)Fo(z2).
Then, the following estimate is valid for the function ®¢(x) [23]:

”‘I’0||w22(33_) < Gof ”‘P1||W22(R_2l_) + ||‘P2||W3(3?*_) + ”F0||W22(Rl)}-

Here Cg > 0 is a positive constant independent of ¢; 2, Fo. From the last inequality by boundary conditions
(5.4) we derive the estimate

“‘I’Onwg(ni) < 56{ ”‘Plﬂwg(xi) + NW”wg(}zg_)'f" “Pélz:1=0uW§(Rl) + I|02,0|z1=0“W21(Rl) b

where Cs > 0 is a positive constant, pt = ptli=0; v2,0 = v2|t=0. Finally, using the property of the trace of a
function from W} (R2) along the line x; = 0, we obtain as a result

”‘I’Onwg(ﬂi) < G ||991||W22(Ri) + ”‘PZHW;(R?‘_) + ||POLI|W§(31)+”vz,ollwg(}zi)}, (5.28)

where C7 > 0 is a positive constant independent of 1 2, pg, v2,0-
Considering the function ® as auxiliary and taking (5.28) into account, we derive from (5.27) the
desired a priori estimate of the solution of the problem F:

”U(t)”W;"(Ri) < K, 0<t< T <oo. (5.29)
Here K > 0 is a positive constant determined finally by the value T,

“U(t)“%[/g(}zi) = / {(U,U) + (Ut’ Ut) + (Url’Uzl) + (U1227 Uzz)

3
Lo

+ (Uzlzl, Uzlzl) + (U21I21 Uz;rz) + (U2222) U2212)} dx~
Adding again (5.24) and (5.9), we obtain
d

B;J(t) + / Adzy < CsJ(1). (5.30)
R

Integrating (5.30) over the interval (0,T') and taking into account that J(t) > 0 and A > 0, with the help of
the boundary conditions we find the inequality

T
/ / {(F)? 4 (Fz, 4+ (Fit)2+ (Fizy)® + - .. + (Fryzg2,)’ } dz2 dt < Cs, (5.31)
0R1
where Cs > 0 is a positive constant determined finally by the value T'. From the second and third conditions
(2.3), we obtain the equality
N- N-
Ft=(ﬁ—T2';")pJ‘+—EU2, 1'1:0'

Multiplying this equality by 2F and integrating it over z3€ R! we obtain, using the Hélder inequality,
the estimate

d
7 IFONL, a1y € BF O yeany (Pt lay=oll 1, (r1) + vzl =oll L, (a1)}
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where ¢ > 0 is a positive constant, ||F(t)||> = S F%dz,, and so on. Using the property of a function trace on
Rl

the line z1 = 0, the last inequality can be rewritten as

d M
G IFON Ly < T{”pl(t)"W%(Ri) + ”v2(t)”w21(31)}- (5.32)
In (5.32), M} > 0 is a positive constant. Further, we find from (5.32) by using the proved estimate (5.29)
NEN o0,y R1) S Cos (5.33)

where Cy > 0 is a T-dependent positive constant. Then, combining (5.31) and (5.33), we obtain finally the
desired a priori estimate for the function F

”Fllwg((o,T)le) < K. (5.34)

Here, K3 > 0 is a positive constant determined by T'.
Thus, the obtained a priori estimates (5.29) and (5.34) prove that the problem F is well-posed at ¢ <1
and, consequently, the fast shock wave is stable in a collisionless magnetized plasma at high pressure.
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